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Input n intervals Li ri xmathbbR
start end

Output Max non overlapping

e g 2

Claim greedy suffices
What rule



Shortest

First come first serve

Fewest overlaps

Earliest end time Works

General argument greedy stays ahead



Greedystaysaneall

Thinkof OPTand ALG as making seq of Lies

1 Declare invariant after k choicesby ALG

invariant holds compared to OPT Pifiouction

2 Prove invariant at the end contradicts

Js

W

Sort L by rightendpoint Aris rn

court i Ii

For 2 n

If l ri

court i count 1 Include

assoonas
Return count youcan



1 Declare invariant

let ALG an an ax

OPT 01 02 Ok 1

Greedy stays ahead a Oi Fieck

Proof
Pearlie interval

Base case a

Induction Assume di Oi

Then ra Vo loitt

So Oit available We takefirst
available so dit Oit



2 Obtain contradiction

Consider termination 2k

aside idk F T
N 11 A
01 021 1 Ok 0kt

We couldinclude 0kt

E

n

lengthennever
flips D

Output Minimum of flips

to become balanced

EducKKC 1 UK



Define bal ins ins
parenstring I 1

Claim If S is balanced then for all ie n

bat Eff
20 balsas so I

Tfx

Proof prefix If ba SC i O

more than in prefix some unmatched

Proof suffix similar some unmatched

Say a string S is feasible if

bal SC 20 for all ie n

loea Greedily flip to maintain feasibility

Fix it bal 0 at the end



B inFlips s

flips bal 0,0

For ieCn

If Sci bat balt I Case 1

If SC AND bat 70 11Case 2

bat bal 1

If SC AND bat 0 11 Case

flips bal flips 1 bal 1

11 flip Sci to ensure feasibility

Return flips bat

11 fix extraneous left over

example
2 flips

1210123 4 bat

flip 2 more at end



Invariant let ALG flips used in zetaleftiright

let OPT fewest flips needed for zetaleftiright feasible

Then ALG OPT for all iinleftnright

Proof Induction I 1 Must flip if

Assume ALGi OPTi

Case 1 or 2 ALG in ALG no flip

Case 3 Claim Any also using OPT flips

must flip Stitt

OPT it OPTi

Proof SCD

only depends on flips b210ba11

Hence OPTin OPTi1ALbi1



To conclude proof let it last flip
it

bollTF
Any also must Use ALG flips

fix S it to have ba 0

TreespartI.seon4I
Undirected graphs only today

Connected path

connected components

ccs partition vertices

into maximal connected pieces



Forest graph w no cycles

Tree Connected forest

key fact 1 Forests w K CCs

have n k edges

i ti A

CCs n n t n 2

A I A I AT

3 2 1

Key fact 2 off tree edges make unique cycles

There is a unique existing

I u v path in the tree
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Output TE E a tree

minimizing f T EWe

10m

5

2

f MSTMst
a

I.E

2



How to greedy Pref low weight

Form no cycle

MSTConept.us V E w

Sort by weight 11W Was Win

Ted
For ett
If TU e contains no cycle

T TUE

Return We

Does it return a tree

Yes KIRA



Suppose 2 CC's at termination

There's a between edge graph connected

Doesn't form a cycle Should have included

I
i

FAn

He
There's some ee F sit F U e is forest

Proof F has k CCs
F has k CCs
Some edge of F between Cs
or k k IF FI

N KA



EE.IE F

Stronger claim after adding k edges

ALG k 21 221 a

doing better than any forest

OPTK 01 02 01

Greedy stays ahead Zawa Eywo

let first violation be after k eoses

Exchange ALG k n U 0 is forest



Case 1 Wok Wak

Seywa Ie Wai Wak

Eagon WoreEat
greedy still aheso

Case 2 Wok Wak

Recall ALG in U 401 is toest

We should have taken Ok it's earlier

MST is optimal Take K V1 1



Implementation Kruskal

let m IE n V1

sort by weisht 01m10s

For it n

C i 0 n

S i

For un E

If Ca Ca 01m

T TU curl

Merge Scans Sca

Return Σ we
let



Cost of merging

let Scans 15cal

For WE Sccus
Update Cw Cv 0 scent

Ado w to Sca

Every w on Smaller side O log n

Σ cost u O nlos n
VEV

Improvements Boruuka Parallel O log n

KKT randomized O m

Pettie Ramachandran UT

Optimal in comparison model


